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Abstract 

In this article, we study the minimizing measures of the Tonelli Hamiltonians. More 
precisely, we study the relationships between the so-called Green bundles and various 
notions as: 

• the Lyapunov exponents of minimizing measures; 

• the weak KAM solutions. 

In particular, we deduce that the support of every minimizing measure //, all of whose 
Lyapunov exponents are zero, is C 1 -regular //-almost everywhere. 

Keywords: Minimizing orbits and measures, Lyapunov exponents, weak KAM theory, 
Green bundles, regularity of solutions to Hamilton-Jacobi equations. 

Resume 

Dans cet article, on etudie les mesures minimisantes de Hamitoniens de Tonelli. Plus 
precisement, on explique quelles relations existent entre les fibres de Green et differentes 
notions comme : 

• les exposants de Lyapunov des mesures minimisantes; 

• les solutions KAM faibles. 
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On en deduit par exemple que si tous les exposants de Lyapunov d'une mesure mini- 
misante [i sont nuls, alors le support de cette mesure est C 1 -regulier en /i-presque tout 
point. 

Mots clefs: Orbites et mesures minimisantes, exposants de Lyapunov, theorie KAM 
faible, fibres de Green, regularite des solutions de Pequation de Hamilton-Jacobi. 

MSC: 37J50, 35D40, 37C40, 34D08, 35D65 
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1 Introduction 



In this article, M is a closed n-dimensional manifold and tt : T*M — > M its cotangent 
bundle. We consider a Tonelli Hamiltonian H : T*M — > R, i.e. a C 2 function that 
is strictly C 2 -convex and superlinear in the fiber. The Hamiltonian flow associated 
with such a function is denoted by (ipt)tes& or (VtOieR- To such a Hamiltonian, there 
corresponds a Lagrangian function L : TM — > R that has the same regularity as H and 
is also superlinear and strictly convex in the fiber. The corresponding Euler-Lagrange 
flow is denoted by (f t )tm- 

For such a Hamiltonian system, it is usual to study its "minimizing objects" ; more 
precisely, a piece of orbit ((ptfa,p))te[a,b] = fat, Pt)te[a,b] is minimizing if the arc fat)te[a,b] 
minimizes the action functional Al defined by -A/, (7) = L(j(t), j(t))dt among the 
C 2 -arcs joining q a to (ft. More generally, if / is an interval and (ipijtel = fat,Pt)tel is 
an orbit piece, we say that it is minimizing if for every segment [a, b] C I, its restriction 
to [a, b] is minimizing. Then we call the set of points of T*M whose (complete) orbit 
is minimizing the Mane set. We denote it by J\f*(H) and its projection, the projected 
Mane set, is denoted by: M{H) = n(N*(H)). The Mane set is non empty, compact 
and invariant by the Hamiltonian flow (see |10j). The first proof of the non-emptiness 
of the Mahe set is due to J. Mather: he proved in the 90's in [19] the existence of 
minimizing measures. 

We are interested in invariant subsets of the Mahe set, i.e. subsets that are the 
union of some minimizing orbits. More precisely, we would like to know if we can say 
something about the regularity of such subsets (we will be more precise very soon. It's 
a kind of differentiability) and particularly if there is a link between the dynamic of 
the flow restricted to such a set and the regularity of the set. 

The oldest result in this direction concerns the time-dependent case : considering 
a symplectic twist map of the annulus T*§, G. Birkhoff proved in the 1920's that any 
essential invariant curve is the graph of a Lipschitz map (see [5] or |14j). It is easy 
to prove that such a curve is action minimizing. In the case of higher dimensions, 
M. Herman proved in [15] that any C°-Lagrangian graph of T*T n that is invariant by 
a symplectic twist map is, in fact, the graph of a Lipschitz map. A related result in the 
autonomous case is that any C 1 -Hamilton- Jacobi solution of a Tonelli Hamiltonian is, in 
fact, C 1 ' 1 (see |11|). As Rademacher's theorem says to us that any Lipschitz function is 
differentiable Lebesgue almost everywhere, these results are a kind of regularity result. 

In PQ, we did, in fact, improve these results of regularity in the autonomous case, 
proving that if a C°-Lagrangian graph is invariant by a Tonelli flow, and if one of the 
two following hypotheses is satisfied: 

• dim M = 2 and all the singularities of H are non degenerate; 



4 



• the dynamic of the restriction of the flow to the invariant graph is Lipschitz 
conjugate to a translations' flow; 

then the invariant graph is, in fact, C 1 almost everywhere (this is stronger than just 
differentiable) . Let us point out that any of the two previous hypotheses implies that 
the dynamic of the restricted flow to the graph is soft on a certain sense (our arguments 
are not very precise, but we only want to give a certain intuition of the forthcoming 
result); indeed, when dimM = 2, if we reduce the dynamic modulo the vector field, we 
obtain a 1-dimension dynamic, and it is known at least in the differentiable case that 
the Lyapunov exponents of a dynamic on the circle are zero. The same is true for any 
dynamic that is Lipschitz conjugate to a translation. 

We gave a similar results for the invariant curves of the twist maps of the annulus 
in [2], proving that Birkhoff's result can be improved: any essential invariant curve of 
a symplectic twist map of the annulus T*E> is the graph of a Lipschitz map that is C 1 
Lebesgue almost everywhere. 

Hence, it seems reasonable to try to find a relationship between the Lyapunov expo- 
nents of any minimizing measure and the regularity of its support, where an invariant 
measure is minimizing if its support is in the Mane set. 

For a twist map of the annulus T*S, we studied the ergodic minimizing measures in 
[3] and proved that the C 1 -regularity (we will be more precise very soon) of its support 
is equivalent to the fact that the Lyapunov exponents are zero. Hence, in a certain 
way, in this case, "C -irregularity" is equivalent to non-vanishing Lyapunov exponents. 

The question that we ask now ourselves is the following: what can we say for higher 
dimensions? Is the irregularity (in a sense we will soon specify) of the support of a 
minimizing ergodic measure equivalent to non-vanishing exponents? 

A first and obvious answer is: no. Indeed, let us consider the following example: 
(ifit) is an Anosov flow defined on the cotangent bundle T*S of a closed surface S. Let 
J\f = T^S be its unitary cotangent bundle, which is a 3-manifold invariant by {ipt)- 
Then a method due to Mane (see |17| ) allows us to define a Tonelli Hamiltonian H 
on T*M such that the restriction of its flow (ip t ) to the zero section M is (V"t) : the 
Lagrangian L associated with H is defined by: L(q,v) = ^\\ip(q) — v\\ 2 where |.| is 
any Riemannian metric on Af. In this case, the zero section is very regular (even C°°), 
but the Lyapunov exponents of every invariant measure whose support is contained in 
A/" are non zero (except two, the one corresponding to the flow direction and the one 
corresponding to the energy direction). Hence, it may happen that some exponents 
are non zero and the support of the measure is very regular. . . 

In fact, the other implication is true: we will see that the nullity of the Lyapunov 
exponents implies the regularity of the support of the considered measure. 
Let us now explain in a detailed way in which kind of regularity we are interested: 
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Definition. Let A be a subset of a manifold M and let a belong to A. The contingent 
cone to A at a is the set of the tangent vectors v £ T a M such that there exist a sequence 
(a n ) of elements of A and a sequence (t n ) of positive real numbers such that (we write 
everything in a chart, but this is independent of the chosen chart): 

lim — (a n — a) = v. 

n-s-oo t n 

We denote it by: C a A. 

This notion of contingent cone is due to Bouligand (see [7])- The contingent cone 
is never empty (it always contains the null vector), and it is equal to the null vector if, 
and only if, a is an isolated point of A. 

We will see later that the sets in which we are interested are contained in some 
(weak) Lagrangian manifolds. Our definitions of 1-regularity and C 1 -regularity seems 
very natural for such sets: 

Definition. Let A be a subset of a symplectic manifold M and let a belong to A. We 
say that A is 1-regular at a if the contingent cone to A at a is contained in a Lagrangian 
subspace of T a M. 

We say that A is C 1 regular at a if there exists a Lagrangian subspace C of T a M such 
that: for every sequence (a n ,v n £ C an A) such that lim a n = a and the sequence (v n ) 

n— >oo 

converges to an element v of T a M, then v £ C 

Let us notice that this notion of C 1 -regularity is slightly different from the ones 
given in [2], [1] and [3]: the notions given in these former articles are a little stronger. 
This notion of C 1 -regularity is stronger than the notion of 1-regularity, which is noth- 
ing else but the notion of differentiability for the C°- Lagrangian graphs (see [I] for a 
definition of C°-Lagrangian graphs). 

The measures that we study are the minimizing ones, that is the ones that are 
invariant and whose supports are contained in the Mane set. Then we prove: 

Theorem 1 Let H : T*M — > M be a Tonelli Hamiltonian and let [i be an ergodic 
minimizing probability measure all of whose Lyapunov are zero. Then, at ^.-almost 
every point of the support supp(//) of fi, the set supp(fi) is C 1 -regular. 

Hence: 

• we succeed in proving that a kind of "soft dynamic" implies some C 1 -regularity; 

• we know that we can have simultaneously a strong dynamic (for example hyper- 
bolic) and a C°°-regularity. 
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In fact, we obtain more precise results than this theorem; for example, an inter- 
esting question is: what happens if there are simultaneously some zero and non-zero 
exponents? 

To explain what happens, we need to introduce some other notions. Let us begin by 
recalling what the Green bundles are. These Lagrangian bundles were introduced by 
L. Green in 1958 in [13] for geodesic flows to prove some rigidity results. For the ex- 
istence and the construction of these bundles, the reader is referred to [I], [8] or |16j . 
We recall: 

Definition. Here, V{x) = ker Dir(x) designates the linear vertical. 

Let (<fit(q, p))t£]-oo,o] be a minimizing negative orbit; then the positive Green bundle 

G+ is defined along this orbit by: = lim Dipt.V((p-tx). 

t— >-+oo 

Let (<ft(q, p))te[o,+t»[ be a minimizing positive orbit; then the negative Green bundle 
G_ is defined along this orbit by: G_(x) = lim D(p_ t .V((p t x). 

t— S-+00 

Hence, at every point of the Mane set, the two Green bundles are defined. 

Let us recall that the two Green bundles are Lagrangian, invariant under the lin- 
earized flow Dipt, transverse to the vertical, that they depend semi-continuously on the 
considered point (see [1] for the definition of semi-continuity of Lagrangian subspaces 
transverse to the vertical) , that G— < G+ (see [1] for the definition of the order between 
two planes transverse to the vertical; in coordinates, this corresponds to the usual order 
on the set of symmetric matrices whose Lagrangian subspaces are the graphs.). Hence, 
if n is an ergodic minimizing probability measure, the integer dim(G_(x) n G+(x)) is 
constant fi almost everywhere. 

We obtain a result linking the dimension of the intersection of the two Green bundles 
to the number of non zero Lyapunov exponents: 

Theorem 2 Let H : T*M — > R be a Tonelli Hamiltonian and let [i be an ergodic 
minimizing probability measure. Then the two following assertions are equivalent: 

• at fi almost every point, dim(G_(x) n G+(x)) = p; 

• [i has exactly 2p zero Lyapunov exponents, n — p positive ones and n — p negative 
ones. 

Let us mention some former related results: 

• in P|, the authors prove that the transversality of the two Green bundles along 
an energy level implies that the restriction of the flow to this level is Anosov; they 
use some ideas about quasi- Anosov dynamics due to R. Mane that are contained 
in [18] : in [9], P. Eberlein gives the same statement for the geodesic flows; 

• we proved in [3] that any quasi-hyperbolic symplectic cocycle above a compact 
set is hyperbolic; we can apply this result to any minimizing compact invariant 
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subset K contained in an energy level 8 without singularity: considering the 
restricted /reduced dynamical system to the energy level £ modulo the vector- field 
(see pQ p 899 for the construction) , we deduce that the transversality of the Green 
bundles in the energy level above K is equivalent to the partial hyperbolicity of 
the linearized flow along K with a center bundle's dimension equal to 2; 

• concerning the non-uniform case (i.e. the case of minimizing measures), the only 
known result was a formula giving the entropy due to A. Preire & R. Mane (see 
[12J). Roughly speaking, by integrating some functional along one of the two 
Green bundles, they compute the sum of the positive Lyapunov exponents. This 
formula was generalized in [8j to any Tonelli Hamiltonian. But this formula 
doesn't say to us how many non-zero Lyapunov exponents exist: it only gives the 
sum of the positive Lyapunov exponents. Let us mention too that G. Knieper 
gives a nicer formula in his (non-published) thesis. 

To prove theorem [IJ we recall in section [3] some points of the recent weak KAM 
theory developped by A. Fathi in |10j . In this section too, we give some statements 
concerning the relationships between weak KAM solutions and the Green bundles. We 
don't give them in the introduction because we would need all the notions that will be 
defined in section O but the interested reader can go to section [3j Roughly speaking, 
the theorem asserts that along the support of the minimizing measures, the contingent 
cones to the weak KAM pseudographs is not far from some cone delimited by the two 
Green bundles. 

Theorem [2] is proved in section [2l The statement concerning the relationships 
between the weak KAM solutions and the Green bundles are contained in section [3] 
and the proofs are in section HI 

2 Green bundles and Lyapunov exponents 

In this section, we prove theorem [2j We consider an ergodic minimizing measure \x 
that is not the Dirac measure at a critical point and we denote the integer such that 
we have [i almost everywhere: dim G_ n G+ = p by p. Let us recall the dynamical 
criterion that is proved in pQ: 

Proposition 3 (dynamical criterion) Let {xtj be a minimizing and relatively com- 
pact orbit. Let v € T Xo (T*M). Then: 
- if v 4. G-{xq), then lim \\Dtv o Dcpt.v\\ = +oo; 

t— >+oo 

-if v $l G + {xq), then lim ||I>7r o Z)<^_ t .u|| = +oo. 

t— s-+oo 

and some direct consequences of this criterion: 
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Remark. 1) We deduce from the dynamical criterion that the Hamiltonian vector- 
field Xh belongs to the two Green bundles. This implies that p > 1. Because these 
two Green bundles are Lagrangian, this implies that G + and G_ are tangent to the 
Hamiltonian levels {H = c}. 

2) Moreover, we deduce also that if there is an Oseledet splitting (this will be precisely 
defined very soon) T(T*M) = E s © E c © E u above a minimizing compact set K, then 
E s C G- and E u C G+. Because the flow is symplectic, E u and E s are isotropic and 
orthogonal to E° for the symplectic form (see [B]). Moreover, E sl - = E s © E c (where 
_L designates the orthogonal subspace for the symplectic form) and E ul - = E u © E c ; 
we deduce that: G-(x) = G-(x)- 1 C E s± = E s © E c and similarly that G+(x) C 
E u (x) ®E c (x). Hence, finally: 

E s (x) C G-{x) C E s (x) © E c {x) and E u (x) C G + (x) C E u {x) © E c (x) 

and then: G_(x) fl G + (x) C E c (x). Hence, G_ D G + being an isotropic subspace of 
the symplectic subspace E c , we obtain: dimE 10 > 2dim(G_ n G+). The dimension of 
the intersection of the two Green bundles gives a lower bound to the number of zero 
Lyapunov exponents. Theorem [2] says to us that this inequality is, in fact, an equality. 
Let us notice that when p = n, we directly have the conclusion of the theorem because 
dim E c > 2 dim M implies that dim E c = 2n. 

We have the same results for a hyperbolic or partially hyperbolic dynamic. Let us 
notice that in the hyperbolic case, G_ (resp. G + ) is nothing else but the stable (resp. 
unstable) bundle E s (resp. E u ) 

3) Let us consider the case of a K.A.M. torus that is a graph (when M = T n ): the 
dynamic on this torus is C 1 conjugated to a flow of irrational translations on the torus 
T n ; M. Herman proved in [15] that such a torus is Lagrangian, and it is well-known 
that any invariant Lagrangian graph is locally minimizing. Then the orbit of every 
vector tangent to the K.A.M. torus is bounded, and belongs to G_ n G + . In this case, 
the two Green bundles are equal to the tangent space to the invariant torus. 

Let us introduce some notations: 

Notations. Oseledet's theorem implies that there exist an invariant subset of T*M 
with full /u-measure, some real numbers < Ai < A2 < • • • < A g and a (measurable) 
splitting with constant dimensions above N: 

T X (T*M) = E{{x) © El(x) © • • • © E s q {x) © E c (x) © E\{x) © E%{x) © • • • © E*(x) 

such that: 

• for every v € E?(x)\{0}; lim - log (||L><^(x)?;||) = —A,-; 

• for every v € E c (x)\{0}; lim - log (\\Dip t (x)v\\) = 0; 

t— >±oo t 
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• for every v € E^(x)\{0}; lim — log (||£)y)t(a;)u||) = +A,-. 

J i-H.oc t 

We may ask, too, that: Vx € N, dim(G_ (x) n G + (x)) = p. 

Let us recall that the stable bundle E s (x) = E{(x) © E%(x) © • • • © #|(a;) and the 
unstable one E u (x) = E^(x) © E%(x) © ■ ■ ■ © E^(x) are isotropic (for the symplectic 
form) and that E c (x) is a symplectic subspace of T X {T*M) that is orthogonal (for uj) 
to E 8 {x) © E u (x). Moreover, we have: dimi^f = dimE 1 ". 

2.1 Reduction of the problem 

As in the statement of theorem [21 we assume that \x is a minimizing ergodic measure 
whose support is not reduced to a point and that p G [1, n] is so that at //-almost every 
point x, the intersection of the Green bundles G+(x) and G-{x) is p-dimensional. We 
deduce from the previous remark that for every x £ N: G+(x) H G-(x) C E°(x) and 
£ s (x) © £ n (x) = (E^x)) 1 C G+(x) ± + G_(x) x = G_(x) + G+(x). 

Notations. We introduce the two notations: E(x) = G_(x) + G + (x) and R(x) = 
G-(x) n G + (x). We denote the reduced space: F(x) = E(x)/R(x) by F{x) and we 
denote the canonical projection p : E — > F by p. As G_ and G+ are invariant by the 
linearized flow Dipt, we may define a reduced cocycle Mf : F — > F. But (-Mt) is not 
continuous, because G_ and G+ don't vary continuously. 

Moreover, we introduce the notation: V(x) = V(x) fl£'(x) is the trace of the linearized 
vertical on E(x) and v(x) = p(V(x)) is the projection of V(x) on F(x). We introduce 
a notation for the images of the reduced vertical v(x) by M t : gt{<ptx) = M t v(x). 

The subspace E(x) of T X (T*M) is co-isotropic with E(x) ± = R(x). Hence F(x) is 
nothing else than the symplectic space that is obtained by symplectic reduction of E(x). 
We denote its symplectic form by Q. Hence we have: V(v,u>) G E(x) 2 , Cl(p(v) , p(w)) = 
uj(v,w). Moreover, (Mt) is a symplectic cocycle. 

We can notice, too, that dimE(x) = dim(G_(x) + G + (x)) = dimG_(x) + dimG + (x) — 
dim(G_(x) n G + (x)) = 2n — p and deduce that dimF(x) = dimi?(x) — dim(G_(x) D 
G+(x)) = 2(n-p). 

Notations. If L is any Lagrangian subspace of T X (T*M), we denote (Lr\E(x)) + R(x) 
by L and p(L) by I. 

Lemma 4 If L C T X (T*M) is lagrangian, then L is also lagrangian and I = p(L) = 
p(L n E(x)) is a lagrangian subspace of F(x). Moreover, p~ l (l) = L . In particular, 
v(x) is a Lagrangian subspace of F(x) and p~ 1 (v(x)) = V(x) + R(x). 
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Proof We just have to prove that L is Lagrangian, the other assertions being easy 
consequences of this fact. 

We begin by proving that L is isotropic. If u,u' G In E(x) and v,v' G R(x), then 
uj{u + v,u' + v') = because L is Lagrangian and then u(u,u') = and because 
R(x) C E(x) L . 

Let us determine dimL. Let V be such that: L = (E(x)nL)(&L' . Then the dimension 
of L(lR(x) = (L + E(x)) ± is: 2n-(d\mL + E(x)) = In- (2n-p+dimL') = p-dimL'. 
We deduce: dimL = dim(L n E(x)) + dimR(x) - dim(L n R(x)) = dim(L n E(x)) + 
p — (p — dimL') = dim(L n E(x)) + dimL' = dimL. [] 

Lemma 5 The subspace v(x) is a Lagrangian subspace of F(x). Moreover, for every 
t 0, gt(<ptx) = Mtv(x) is transverse to v((ft(x)) 

Proof The first sentence is contained in lemma [U 

Let us consider t ^ and let us assume that M t v{x) n v{ip%x) ^ {0}. We may assume 
that t > (or we replace x by ipt(x) and t by —t). 

Then there exists v G V(x)\{0} such th&tD(pt(x)v G V(^x) + (G_ (^x) fl (^ji)). 
Let us write D(p t (x)v = w + g with u; G V(y^a;) and 5 G R{iptx). We know that the 
orbit has no conjugate vector (because the measure is minimizing); hence g ^ 0. 

Moreover, we proved in [1] that D(ftV(x) is strictly above G-((ftx), i.e. that: 

V/i € G-(iptx),Vk G V(^a;),/H-Jfe € LV t y(x)\{0} ^uj{h,h + k) > 0. 

We deduce that: co(g, w + g) > 0. 

This contradicts: Dip t {x)v G E((p t x) = (G+(<ptx) n G-(iptx)) C (Kg) -1 . D 

As in [l], we ask ourselves what the order between the different Lagrangian sub- 
spaces <7i(x) = Mtv{ip-tx) is. Let us recall how we define this order: 

Definition. Let g\ and 52 be two subspaces of F(x) that are transverse to the (re- 
duced) vertical v(x). Let f(x) = F(x)/v(x) be the reduced space and P(x) : F(x) — > 
f(x) the canonical projection. Then to every w G f(x), we can associate a unique 
i\{w) G g\ (resp. £2(11)) G 52) such that: P{i\{w)) = w (resp. P{l2{w)) = w). We 
then define the altitude of 52 above g\, which is a quadratic form defined on f(x), by: 

We say that 52 is above (resp. strictly above) g\ when q(gi, 52) is positive semi-definite 
(resp. positive definite). We write g\ < 52 (resp. g\ < 52)- 

Lemma 6 Let L\, L2 be two Lagrangian subspaces of T X (T*M) transverse to V{x) 
such that at least one of them is contained in E(x). Then, if L\ < L2 (resp. L\ < L2), 
we have: l\ and I2 are transverse to v{x) and l\ < I2 (resp. l\ < l^)- We deduce that 
p(G-)<p(G + ). 
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Proof We assume that L2 C E(x) and that L\ < Li- Let v\ G L\ n -E(x) be a non- 
zero vector of L\ n E(x). As Li and L2 are transverse to V(:c), there exists a unique 
v 2 G £2 such that u 2 — « 1 € V(x). Moreover, as Wi,U2 € E(x), we have u 2 — v \ G V(x) 
and p(u 2 ) — G t>(x). Hence: 

J2(p(«i),p(« 2 )) = w(«i,u 2 ) > 0. 

This means exactly that l\ < Z 2 - 

To deduce the assertion for <, we can use a limit. 

As G- < Cr+, we deduce that p(G-) < p{G + ). Because of the definition of E(x), R(x) 
and F(x), p{G-) and p(G+) are transverse and then p(G~) < p(G+). 

D 

Lemma 7 If p, is a minimizing measure, for every x G supp/i, for all < t < s, we 
have: 

g-t(x) < g-s(x) < g s (x) < g t (x). 

Proof The map (t G R* — > gt(x)) is continuous; moreover, we know by lemma [5] 
that if t 7^ s, then gt(x) is transverse to g s {x). Hence, the index of q{g s {x), gt(x)) is 
constant for (s, t) G £ where £ is one of the sets: {(s, t); < s < t}\ {(s, t); s < < t}, 
{(s,t); s < t < 0}. Hence, we only have to determine this index for one point (s,t) of 
each of these three sets. 

We prove the result only for the first set, the other inequalities being very similar. 
Let us fix s > and introduce the notation G s (x) = Dip s V(ip- s x). Then G s (x) is a 
Lagrangian subspace of E(x) that is transverse to the vertical because G s (x) C\V(x) = 

G s (x)nv(x) = (G s (x)nv(x))nv(x) = p- 1 (g s (x)nv{x))nv(x) = R(x)nv(x) = {o}. 

We assume that t > is very small and we work in a chart, with symplectic coordinates 
defined in pQ (p 897) such that the "horizontal" subspace of T X (T*M) is G-{x). A 
vector of Gt(x) = D<pt(<p-tx)V(<p-tx) is (h,S^(x)h) and it is proved in [1] (p 894) 
that S^~(x) ~ jD where D is a fixed positive definite matrix. Hence, for t > small 
enough, we have G s < Gt- We deduce from lemma [6] that g s = p(G s ) < p(Gt) = gt- 

D 

Definition. As in [1], when t tends to ±00, we find two Mt-invariant Lagrangian 

sub-bundle of F(x) that are: g~{x) = lim g t (x) and g+(x) = lim gt{x); they are 

t— >— 00 t— ^+00 

transverse to v(x) and satisfy: g~(x) < g+(x). We call them the reduced Green 
bundles. 
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Remark. Then we have: Vi > 0, g—t{x) < g~(x) < 9+{ x ) < 9t( x )- If we use the 
notations G±(x) = p {g±(x)), then G± are transverse to the vertical because G±(x)n 

V(x) = G±(x) n V(x) = (G± n n v(x) = p~ 1 {g±{x) n «(ar)) n v(x) = R(x) n 

V(x) = {0}. Moreover, G_(a:) < G+(x) and the two bundles G_, G+, are invariant by 
the linearized flow (Dip t ). Theorem 3.11 of [1] asserts that any invariant Lagrangian 
bundle that is transverse to the vertical is between the two Green bundles. We deduce 
that G-{x) < G-(x) < G + (x) < G + {x). We can then use lemma [6] and we obtain: 
p(G_(x)) < g-(x) < g + (x) < p(G + (x)). 

Lemma 8 We have: Vx G supp/i, g~(x) =p(G_(x)) < p(G + (x)) = g+(x). 

Proof Because of the last remark, we just have to prove that on supp/i: g- < 
p{G-) < p{G + ) < g + . Because of lemma EJ we just have to prove that g_ < p(G_) 
and p{G+) < g+. But p(G±) is a lagrangian subspace of F(x) whose orbit is transverse 
to the vertical. We can use a similar statement to proposition 3.11 of pQ to deduce the 
inequalities. [] 

Hence we have proved that G± = G±, the notation G± will disappear from tnow 

on. 

2.2 Reduced Green bundles and Lyapunov exponents 

We have to be careful because the bundles that we consider are not continuous and, 
as this is noted in [I], we don't use a continuous change of coordinates, but just a 
bounded one when we say that G_ or G+ is the horizontal subspace (the matrix P 
that is necessary to change the coordinates is uniformly bounded, as P^ 1 )- 
We choose at every point x € N some (linear) symplectic coordinates (Q,P) of F(x) 
such that v(x) has for equation: Q = and g+(x) has for equation P = 0. We will be 
more precise on this choice later. Then the matrix of Mt(x) in these coordinates is a 

symplectic matrix: Mt(x) = I ). , \ ( ) . As Mt(x)v(x) = gt(tpt%) is a Lagrangian 



d t (x) / 

subspace of E((p t x) that is transverse to the vertical, then det bt(x) ^ and there 
exists a symmetric matrix sf(<ptx) whose graph is gt(tptx), i.e: d t (x) = sf (ipt(x))bt(x) . 
Moreover, the family (sf(x))t>o being decreasing and tending to zero (because by 
hypothesis the horizontal is the symmetric matrix sf(iptx) is positive definite. 
Moreover, the matrix Mt(x) being symplectic, we have: 



(Mt(x)Y 



d t {x) -%(x) 
tatix) 
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and by definition of g-t(x), if it is the graph of the matrix s t (x) (that is negative 
definite), then: t at(x) = —s^ (x) t bt(x) and finally: 

-b t {x)st(x) b t (x) \ 
sf '(<p t x)bt(x) J 

Let us be now more precise in the way we choose our coordinates; we may asso- 
ciate an almost complex structure J and then a Riemannian metric (., .) x defined by: 
(v,u) x = u(x)(v, Ju) with the symplectic form uj of T*M; from now on, we work 
with this fixed Riemannian metric of T*M. We choose on G+(x) = p l {g+{x)) an 
orthonormal basis whose last vectors are in R{x) and complete it in a symplectic base 
whose last vectors are in V(x). We denote the associated coordinates of T X (T*M) by 
(qi, . . . ,q n ,pi, . . . ,p n ). These (linear) coordinates don't depend in a continuous way on 
the point x (because G+ doesn't), but in a bounded way. Then G-(x) = p _1 (5_(x)) 
is the graph of a symmetric matrix whose kernel is R(x) and then on G-(x), we 
have: p n ~ p+ i = • • • = p n = 0. An element of E(x) has coordinates such that 
p n - p+ i = ■ ■ ■ = p n = 0, and an element of F(x) = E{x)/R{x) may be identified with 
an element with coordinates (q±, . . . , q n - P , 0, . . . , 0,p±, . . . ,p n - p , 0, . . . , 0). We then use 

n—p 

on F{x) the norm ^^((jf +Pi), which is the norm for the Riemannian metric of the 

i=i 

considered element of F(x). Then this norm depends in a measurable way on x. 

Let us now notice the following fact: \i being ergodic for the flow (</?t), there exists 
a dense G$ subset A of M. such that, for every t G A, the diffeomorphism ip t is ergodic. 
As it is simpler for us to work with a diffeomorphism instead of a flow, we fix such a 
t G A. We assume that t = 1 (if not we replace H by \H). 




Lemma 9 For every e > 0, there exists a measurable subset J £ of N such that: 

• fi{J £ ) > 1 - £/ 

• on J £ , (s+) and (s~) converge uniformly ; 

• there exists two constants (3 = f3(e) > a = a(e) > such that: Mx G J e ,/31 > 
—S-(x) > al where g_ is the graph o/s_. 

Proof This is a consequence of Egorov theorem and of the fact that on N, g + and 
g- are transverse and then — s_ is positive definite. 

We deduce: 

Lemma 10 Let J £ be as in the previous lemma. On the set {(n,x) G N x J £ ,ip n (x) G 
J £ }, the sequence of conorms (m(b n (x)) converge uniformly to +oo, where m(b n ) = 
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Proof Let n, x be as in the lemma. 

The matrix M„(x) = ( bn(x)s n ( x ) b n (xj \ ^ symplectic, we have: 

V ' V s+(ip n x)b n (x)J & y y 

-s~(x) t b n (x)s^(ip n x)b n (x) = 1 and thus -b n (x)s~(x) t b n (x)s+(ip n x) = 1 and: 
b n (x)s~{x) t b n (x) = - (s+((p n x)y . 

We know that on J £ , (s^) converges uniformly to zero. Hence, for every 5 > 0, there 
exists N = N(5) such that: n > N =4> ||s+((/2 n x)|| < 5. Moreover, we know that 
< (3. Hence, if we choose 5' = -g-, for every n > N = N(5') and x G J £ such 
that (p n x G J £ , we obtain: 

to G W^W'b^xM 2 = ^& n (x)(/31)*6 n (x)t; > - t vb n (x) S -(x) t b n (x)v = *v (s+O^x))" 1 v 

and we have: t v (s^(ip n x)) 1 v > j?\\v\\ 2 because s^(ip n x) is a positive definite matrix 
that is less than ^-1. We finally obtain: ||*& n (x)u|| > j\\v\\ and then the result that we 
wanted. 

From now we fix a small constant e > 0, associate a set J £ with e via lemma [9] and 
two constants < a < (3; then there exists N > such that 

2 

Vx G J £ , Vn > N,ip n (x) G J £ =>■ m(b n (x)) > — . 

a 

Lemma 11 Lei J e 6e as in lemma 0. For fx- almost point x in J e , there exists a 
sequence of integers (j n ) = (j n (x)) tending to +oo such that: 

( l-e \ in 
2 2iV 

Proof As jx is ergodic for f/?x, we deduce from Birkhoff ergodic theorem that for 
almost every point x G J £ , we have: 

lim h{0 <k<£ — l; tp k (x) G J £ } = n(J E ) > 1 - e. 

We introduce the notation: N(£) = (J{0 < < t - 1; (^(x) G J e }. 
For such an x and every I G N, we find a number n(£) of integers: 

= A;i<A;i + 7V<A;2<A;2 + iV<A;3<A;3 + iV<---< k n{e) < £ 

such that ^fc t (x) G J £ and n(T) > [^^] > — 1. In particular, we have: 1 ^p- > 
i^NW_ _ ^ e j-jg^ t erm converging to > when £ tends to +oo. Hence, 
for ^ large enough, we find: n(£) > 1 + £^j^- 
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As (pki( x ) 6 Je and k i+1 - h > N, we have: m(b ki+1 - ki (<p ki (x))) > §. Moreover, we 
have: rn(s k _ k .((pkiX)) > a; hence: 

™{h i+l -k i {<Pk i x)s k . +1 _ k .(Vk i x)) > 2. 
But the matrix — b knW {x)s^ n ^(x) is the product of n(£) — 1 such matrix. Hence: 

™(W*> W*» > ^ M > *™ > {^T W ■ 

D 

Let us now come back to the whole tangent space T X (T*M) with a slight change in 
the coordinates that we use. We defined the symplectic coordinates (qi, . . . , q n ,Pi, ■ ■ ■ , q n ) 
and now we use the non symplectic ones: 

(Qi, ■ ■ ■ , Qn,Pi, ■ ■ ■ ,P n ) = (Qn-p+i, ■ ■ ■ , Qn, 9l, ■ ■ .,q n - P ,Pi, ■ ■ ■ ,Pn)- Then: 

• (Q\, . . . , Q p ) are coordinates in R(x); 

• (Qi, . . . , Q n ) are coordinates in G + (x); 

• (Qi, . . . , Q n , Pi, ... , P n ~ P ) are coordinates of E(x) = G + (x) + G-(x). 

We write then the matrix of Dip t (x) in these coordinates (Qi, . . . , Q n , Pi, . . . s, P n ) 
(which are not symplectic): 

(A\{x) A*(x) Al(x) At(x)\ 

bt(x)st(x) b t (x) A 5 t (x) 

stfaxMx) A 6 t (x) 

V Ai{x)J 

where the blocks correspond to the decomposition T X (T*M) = Ei(x) © E2(x) © E${x) © 
E±(x) with dim£'i(x) = dimi^x) =p and dimi^x) = dimE^(x) = n — p. 
We have noticed that Ei(x) = E(x) C E c (x) and that G+(x) = Ei(x) © E 2 (x). 
If x £ J £ , we have found a sequence (j n ) of integers tending to +oo so that: 

Vn G n,m(b jn (x)sj n (x)) > ^w^" . 

We deduce: 

W € E 2 (x)\{0} llog (|Ms)aJ>W|) > ^l°g2 + M; 

JtX JTt 

and because £i(x) C E c (x): 

Vv e G + (x)\Ei(x), liminf — log ||D<£ n (x)i; | > £ log 2. 

n->oo n 2iV 
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Hence there are at least n — p Lyapunov exponents bigger than fc^ log 2 and then 
bigger than for the linearized flow. Because this flow is symplectic, we deduce that 
it has at least n — p negative Lyapunov exponents (see [6] ) . As we noticed that the 
linearized flow has at least 2p zero Lyapunov exponents, we deduce that \i has exactly 
n — p positive Lyapunov exponents, exactly n — p negative Lyapunov exponents and 
exactly 2p zero Lyapunov exponents. 
This finishes the proof of theorem [2j 

Remark. Let us notice that we proved too that for x £ N (i.e. generic in the Oseledet's 
sense), we have: E u (x) C G+(x), and then G+(x) = E u (x) © R(x) 



3 Weak K.A.M. solutions and Green bundles 

In this section, we recall the weak KAM theory and give a relationship between some 
tangent cones to the pseudographs of the weak KAM solutions and the Green bundles. 
These results imply theorem [TJ The proofs are given in section [H 



3.1 Weak KAM theory 

We don't give any proof in this section, but all the results that we give are proved in 
[TO] or 0| . 

Notations. If t > 0, the function A t : M x M — > R is defined by: 

A(Qo,Qi) = inf / L(j(s),j(s))ds = min / L(j(s),j(s))ds 

T JO 7 JO 

where the infimum is taken on the set of C 2 curves 7 : [0, t] — > M such that 7(0) = qo 
and 7(i) = q\. 

Definition. 

1. A function v : V — > M defined on a subset V of R d is K -semi-concave if for every 
x G V, there exists a linear form p x defined on M. d so that: 

\fy € V,v(y) < v(x) + p x (y - x) + K\\y - x\\ 2 . 

Then we say that p x is a K- super- differential of v at x. 

2. Let us fix a finite atlas A of the manifold M; a function u : M — > R is K-semi- 
concave if for every chart (U,<j)) belonging to A, uo^" 1 is i^-semi-concave. Then 
a K -super- differential of u at q is p x o D<p(q) where p x is a i^-super-differential of 

it o (j)^ 1 at x = 4>(q). 
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A semi-concave function is always Lipschitz and then differentiable almost everywhere 
and for such a function, we define its pseudograph: a pseudograph is the graph Q{du) 
of du, where u : M — > R is a semi-concave function. 

A function u : M —> R is X-semi-convex if — u is X-semi-concave. We have a notion 
of sub-differential and the anti-pseudograph of a semi-convex function u is Q{du). 

It is proved in [1] that At is semi-concave and that for every minimizing curve 7 : 
[0,t] -> M between q Q and q h (-§§(7(0), 7(0)), §§(-y(i), 7(f))) is a super-differential 
of ^4t at (go>9i)- It is proved, too, that A t (.,qi) is differentiable at qo if, and only if, 
A t (qo,.) is differentiable at q% if, and only if, there exists a unique minimizing curve 
7 : [0, t\-¥ M joining q to q 1 . 

We denote the two Lax-Oleinik semi-groups associated with L by (T t )t>o and 
(r t ) t >o; for u G C°(M,M) , they are defined by: 

T t u(q) = min(u(</) + A t (g',g)) and T t -ii(g) = max(«(g') - A t (q,q')) 

q'eM q'eM 

A function u : M — > R is a negative (resp. positive) weak KAM solution if there exists 
c£l such that: Vf > 0, T t u = u — ct (resp. Vt > 0, T t u = u + ct). 

Then there exist at least one positive and one negative weak K.A.M. solutions (see 
|10j or [1]). The constant c is unique and is called Mane's critical value. If U- is a 
negative weak KAM solution and u + a positive one, then u- is semi-concave and u+ 
is semi-convex. Let us introduce the Mather set: 

Definition. The Mather set, denoted by A4*(H), is the union of the supports of the 
minimizing measures. The projected Mather set is M(H) = ir(A4* (H)). 

J. Mather proved that A4*(H) is compact, non-empty and that it is a Lipschitz 
graph above a compact part of the zero-section of T*M. 

A. Fathi proved in [10] that if U- is a negative weak KAM solution, there exists 
a unique positive weak KAM solution u + such that u_\ M ^ = u + \j^i H y Such a pair 
(u-,u+) is called a pair of conjugate weak KAM solutions. For such a pair, we have: 

• Vg € M(H),u-(q) = u+(q); let us denote the set of equality: Z(u_,u + ) = 
{q; U-(q) = u + (q)} by I(u-, u + ); then M.{H) C X(n_, u+); 

• u_ and u+ are differentiable at every point q € I(u- ,u+); for such a q we have 
(q,du-(q)) G Af*(H); when q G and (q,p) G is its lift to M*(H), 
then du-(q) = du + (q) = p; 

• u + < U-. 

Moreover, it is proved in [3] that if q is a point of differentiability of Ttu (resp. Ttu), 
then the minimum (resp. maximum) in the definition of Ttu(q) (resp. Ttu) is attained 
at a unique q' and there is a unique curve 7 : [0, t] — > M minimizing between q' and q 
(resp. q and q'); in this case: ^(q,j(t)) = dT t u(q) (resp. f£(g,7(0)) = dT t u(q)). 
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3.2 Comparison between the weak KAM solutions and 
the Green bundles 

If (u-,u + ) is a pair of conjugate weak KAM solutions, if q £ Z(u_,u+), we have seen 
that (q, dii-(q)) = (q,du + (q)) £Af*(H). Hence, the two Green subspaces G_(g, du-(q)) 
and G + (q,du + (q)) exist. Let us introduce two other Lagrangian subspaces: 

Notations. If the orbit of x is minimizing, if G_(x) is the graph of the symmetric 
matrix s-(x) and G+(x) the graph of the symmetric matrix s+(x), we denote the graph 
of s_(x) = 2s-(x) — s + (x) (resp. s+(x) = 2s + (x) — by G_(x) (resp. G + (x)). 

If As(x) = s+(x) — S-(x), then As(x) is positive semi-definite and we have: s_ = 
S- — As and s + = s + + As. 

Moreover, if s is a positive semi-definite matrix, we will denote by p s the orthogonal 
projection on its image Im(s) and by A(s) is greatest eigenvalue: A(s) = ||s||. 

Let us notice that G-(x) = G + {x) if, and only if, G_(x) = G-{x) = G + (x) = 
G + {x). Moreover, we always have: G-(x) < G-(x) < G + (x) < G + (x). The bundle 
G— is lower semi-continuous and the bundle G+ is upper semi-continuous, and they 
are continuous at the points where G_ = G+. 

Let us recall that if x S A C T*M, C X A designates the contingent cone to A at x, 
that was defined in the introduction. 

Theorem 12 Let n + ) be a pair of conjugate weak KAM solutions and let q belong 
to I(u-,u+). Then we have: V(X,Y) € C^ q ^ u _( q ))G{du-), 

\\Y-s-(q,du-(q))X\\ <2y/\\As(q,du-{q))\\.y/As(q,du-{q))(X,X) 

< 2A{As(q, du^ {q))).\\p A s( q ,du- (g)) ( X )\\ 
and: V(X,Y) € C {q4u+{q)) G{du + ), 

\\Y - s + (q,du + (q))X\\ < 2y/\\A S (q, du + (q))\\.y/As(q, du + (q))(X, X) 
<2A{As(q,du + (q))).\\p As{q4u+{q)) (X)\\ 

We postpone the proof of this theorem to section [H 
As M*(H) C G(du-) n G(du+), we deduce: 

Corollary 13 If x is an element of M*(H), then we have: V(X, Y) G C X M*(H), 
max{||Y-Mx)Al, \\Y-8+(x)X\\} < 2y/\\As{x)\\.y/As(x)(X,X) < 2A(As(x)).\\p As{x) (X)\\ 
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Now, we use theorem [2) if is an ergodic minimizing measure whose Lyapunov expo- 
nents are zero, then we have //-almost everywhere: G_ = G+ i.e. As = 0. We deduce 
from corollary [131 that C x (suppfi) C G^(x) = G + {x) at \i almost every point. This 
implies that supp/t is 1-regular at x, and even that it is C^-regular at x. Indeed, if (x n ) 
is a sequence of points of supp(/i) that converges to x and v n = (X n ,Y n ) £ C Xn (suppfi) 
converges to v = (X, Y), we have for every n: 



As = G+(x), S- and As are continuous at x. We deduce that \\Y — s-(x)Y\\ = 

and then (X, Y) S G-(x). We have then proved: 

Corollary 14 If [i is an ergodic minimizing measure all of whose Lyapunov exponents 
are zero, then, supp// is C 1 regular at /^-almost every point. 

This is exactly theorem [TJ 



In this section, we use the images of the physical verticals to obtain a control of the 
weak KAM solutions. More precisely, we can choose a graph in the image of a vertical, 
the graph of da for a certain function a, and prove a certain inequality between a and 
the considered weak KAM solution u. Then we deduce an inequality along some subset 
of the Marie set between the "second derivatives" of a and u. This gives a relationship 
between the Green bundles and the Bouligand's contingent cones to the pseudograph 
of any weak KAM solution along some subset of the Mane set . 

4.1 Selection of some graphs in the images of the verticals 

Notations. 

• If q G M, we denote the (physical) vertical 7r -1 ({<?}) by V(q) C T*M. 

• If t > 0, the function A t : M x M M is defined by: 



where the infimum is taken on the set of C 2 curves 7 : [0, t] — > M such that 
7(0) = q and 7^) = q x . 



Y n - s-{x n )X n \\ < 2sJ As(x n ) v 7 As(x n )(X n , X n ). 



4 Proof of the results of section [3 



A t (qo,qi) = inf / L(7(s),7(s))ds = min / L(7(s), j(s))ds 
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• if u : M — > R is a Lipschitz function, then by Rademacher's theorem, it is 
differentiable (Lebesgue) almost everywhere and the graph of its derivative is 
denoted by: 

Q(du) = {(q,du(q));u is differentiable at q}. 

Tonelli's theorem asserts that for every t ^ 0, it o (p t (V(q)) = M (i.e. for every 
q' £ M there exists a solution to the Euler-Lagrange equations 7 such that 7(0) = q 
and 7(t) = q'); but in general ipt(V(q)) is not a graph. To select a graph in ip t (V(q)), 
we prove: 

Proposition 15 Let H : T*M ^ R be a Tonelli Hamiltonian and L : TM ->• R 

6e £/ie associated Lagrangian. Then for every t > and ewery g G M, i/te function 
v q = A t (q, .) and = A t (.,g) are semi-concave, and satisfy: 

g{dv\) C ^(V(g)) and G(-dv q l ) C ¥>- t (V(g)). 

Proof Because At is semi-concave, the two functions v q and are semi-concave and 
then Lipschitz. By Rademacher's theorem they are differentiable almost everywhere. 
Moreover, if qo is a point where v q is differentiable, then v q has exactly one super- 
differential at this point, there is only one minimizing arc 7 joining (0, q) to (t, q ), and 
we have: 

• dv\{q ) = % ( 7 (t),7(t)); 

• (7(0), §(7(0), 7(0))) = (5,g(7(0),7(0))) e V(g); 

• <ft (9, §(7(0), 7(0))) = (7(*),S(7(*),7(*))) = («>,*4(*>))- 

Then we have proved that: ipt(V(q)) D Q{dv t q ). Hence, we have selected a pseudograph 
in the image (ft(V(q)) of the vertical. 

In a very similar way, we may see that the anti-pseudograph of the semi-convex function 
is a subset of <p- t (V(q)): Gi-dv- 1 ) C <P-t(V(q)). Q 

4.2 Local smoothness of some of these graphs 

Notations. For every x G T*M, we denote the linear vertical at x by V(x): V(x) = 
kerDir(x) = T x V(ir(x)) C T X {T*M). 

The images of the linear vertical are denoted by: Gt(x) = D(p t V(ip-tx). 
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We recall that an orbit piece (<Pt(%))te[a,b] has no conjugate vectors if: 

Vs^t € [a,b],Gt-8fax)nVfax) = D<pt- 8 (y(<p 8 (x))nV(tpt(x)) = {0}. 
Notations. Let us now fix a minimizing arc 7 : [— t, 0] — > M such that: 

• there is only one minimizing arc between (— t, 7(— i)) and (0,7(0)) (then it is 7); 

• the orbit piece (7(7"), §jK7( r )i 7( r ))) Tg [_ t ] has no conjugate vectors. 

Let us notice that when (q,p) £ Af*(H), then any piece of the curve (t — > tt o (pt(q,p)) 
satisfies the previous hypotheses. 

We define a function : M — >■ M. by: (g) = vK_ f Jq) = A t (^{—t),q) (this function 
depends on 7). 

In a similar way, we can consider xo = (qo,Po) such that the orbit ((Ps(xo)) s e\o,t] has no 
conjugate points and so that there is only one minimizing arc 7 : [0, t] — > M joining 
qo to q t . We define a function a~[ : M — > R by: a~[ = —v~^{q) = —A t (q,qt)- 

Proposition 16 Let 7 : [— t, 0] — » M (resp. 7 : [0, £] — >• 6e a minimizing arc such 
that: 

• 7 is 7j/ie onZy minimizing arc joining its two ends; 

• the orbit piece (7, ^(7,7)) has no conjugate vectors. 

Then there exists a neighborhood Vq of qo = 7(0) in M such that (resp. aZy Q ) is 
as regular as H is (then at least C 2 ). 

PROOF We have seen that: Q(daf ) C (pt{V{q-t)). Let us now prove that af is smooth 
near qo. 

We use now the so-called "a priori compactness lemma" (see [TO]) that says to us 
that there exists a constant K t = K > such that the velocities (7(s)) se ro ) ti of any 
minimizing arc between any points q £ M and q' € M are bounded by K; hence if 
we denote the set of the minimizing arcs that are parametrized by [0, t] by IC, IC is a 
compact set for the C 1 topology because it is the image by the projection tt of a closed 
set of bounded orbits. Let us denote the set of 7 G K such that 7(0) = g_t by /Co; 
then K-o is compact. Let us introduce another notation: IC(q) = {76 ICo;j(t) = q}. 
Then IC(qo) = {70} and hence, because /Co is closed, for q close enough to qo, all the 
elements of K,{q) are C 1 close to 70. 

Moreover, <f t (V(q~t)) is a sub-manifold of M that contains (</o> %j(qo, 7o(0))) = 
(qo,Po)- Its tangent space at (qo,Po) is Gt(qo,Po), which is transverse to the vertical 
because (q s ,Ps) s e[-t,o] has no conjugate vectors. Hence, the manifold (ft(V(q-t)) is, in 
a neighborhood Uo of (qo,Po), the graph of a C 1 section of T*M defined on a neigh- 
borhood Vq of qo in M. Moreover, because this sub-manifold is Lagrangian (indeed, 
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V(q-t) is Lagrangian and tp t is symplectic), it is the graph of duo where uq : Vq — > R 
is a C 2 function. 

Now, if q is close enough to qo, we know that all the elements 7 of JC(q) are C 1 close 
to 70, and then that (q, ^j(l(t),j(t))) belongs to the neighborhood Uo of (qo,Po) = 
(qo, f£(7o(*)>7o(*))) and to ip t (V(q-t)). Because <pt{V(q-t))r\Uo is a graph, this element 
is unique: K,(q) has only one element and af is differentiable at q, with daf(q) = 
fi^(7(i), i(t))) = duo(q) ■ We deduce that near qo, on the set of differentiability of 
af, daf is equal to duo; because af and uq are Lipschitz on Vq and their differentials 
are equal almost everywhere, we deduce that on Vq, af — uo is constant. Hence, on a 
neighborhood Vq of go, af is C 2 . 

In a similar way, using the fact that Q(da^) C <P-t(V(qt)), we obtain that a^ is C 2 
near q . □ 

Remark. If x = (90, Po) is a point of the Mane set, (qt,Pt)tm = (<Pt(qo,Po))teR has no 
conjugate vectors and for every t < r, there is only one minimizing arc 7 : [t, r] — > M 
joining q t to q T , hence for every t > the two functions af Q t and a~ t are smooth near 
go (of course the neighborhood of qo where they are smooth depends on t). 

4.3 Comparison between the weak K.A.M. solutions and 
the maps and af 

Lemma 17 We assume that n_ is a negative weak K.A.M. solution and that u + is a 
positive weak K.A.M. solution. Let qo £ M be a point of differentiability of (resp. 
u + ) and af (resp. a^ ) be the function built in the previous subsection for the arc 
7 = (tt o tp s (qo,du-(q ))) se[ _ tfi] (resp. 7 = (tt o ip s (q , du + (q ))) se[0jt] ). Then, in a 
chart: u-(q) - u^(q ) - du^(q )(q - q ) < af(q) - af(q ) - daf(q )(q - q ) (resp. 
a t(q) ~ a t( a o) ~ dat(q ){q - qo) < u+(q) - u+(q ) - du + (q )(q - qo))- 

Proof Let us consider qo in M that is a point of differentiability of a weak K.A.M. 
solution u_ and let us denote the point above qo on the pseudograph Q{du ) of u_ by 
xo- xo = (qo, du-(qo)). Then, for every t > 0, because T t u^ = u_ — ct is differentiable 
at qo, there is only one point q G M such that U-(qo) = TtU-(qo) + ct = u(q) + 
At(q,qo) + °t and only one minimizing arc 7 : [— t, 0] — > M joining q to qo. We 
introduce the notation: x t = (qt,Pt) = ipt(xo)- Then: T t u^(q ) = U-(q- t ) + A(q_ t ,q ); 
moreover: T t u_(q) < U-(q- t ) + A(q_ t , q) = T t u_(q ) + A(q_ t , q) - A(q_ u q ). Finally: 
u-(q) — u^(qo) < af(q) — af(qo). Because these two maps af and u- are differentiable 
at qo, they have the same differential at this point and we obtain (in chart): u-(q) — 
u-(qa) - du-{qo){q - qo) < af(q) - af{q ) - daf{q ){q - q ). 

Using the same argument for u + , we obtain: if qo is a point of differentiability of 

u + : 
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a t (<?) - a t (?o) - da t (g ) (? - go) < u+(q) - u+(q ) - du + (q )(q - g ). 



Now we would like to use these inequalities at different points go; we have to be 
careful, because af and a~[ depend on the point go we choose. That is why we change 
now our notation, replacing af by a i t if the considered point is (go, dit-(go)) and 
by a~ t if the considered point is (go, du+(go))- 

Proposition 18 We assume that u_ is a negative weak K.A.M. solution and that u+ 
is a positive weak K.A.M. solution. Let y E Z(u_,u + ) be a point, (x n ) be a sequence 
of points of M converging to y, and (t n ) be a sequence of positive real numbers so that 

x n — V du-(x n ) — du-(y) 
the two limits (written in charts) hm = X and Y = hm 

n— >oo t n n— Kx> t n 

du + (x n ) - du + (y) 
(resp. Iim J exist. Ihen we have: 

n— ¥00 t n 

Vk € W\Y.k < ±(d 2 a+ t (y)(k,k)+d 2 a+ t (y)(X,X) - d 2 a y /y)(X - k,X - k)) 
(resp: 

Vk G W 1 , ±(d 2 a~j(y)(k, k) + d 2 a-/y)(X, X) - d 2 a+ t (y)(k — X,k — X)) < Y.k) 

Proof We work in a chart, and we have, if y E Z(u_,u+) and x is a point of differ- 
entiability of U- : 

• U-(x + h) — u-{x) — du^(x)h < af t {x + h) — af t (x) — daf t (x)h; 

• u_(x) - u-(y) - du_(y){x - y) < a+ t (x) - a+ t (y) - da+ t (y)(x - y); 

• a y,t( x + h )- a y,t(y)- da y,t{y){ x + h -y) < u + {x + h)-u + {y)-du + {y){x + h-y). 

Hence, by adding these three inequalities and using that U-(y) = u + {y), du-{y) = 
du + (y) and u + < u_: 

{du-{y) - du-{x))h < a+ t (x + h)- a+ t (x) - da+ t (x)h + a+ t (x) - a+ t (y) - da+ t (y)(x - 
y) ~ %,t( x + h) + a~ t (y) + da~ t (y)(x + h-y). 

We now need to precise the regularity of the maps: x — > da~ t and x — > da£ t - To do 
that, we prove a lemma. We fix a finite atlas of M to write that u_ is if-semi-concave 
and that u+ is if -semi-convex. The proof is very similar to the one given by A. Fathi 
in [10] to prove that the Aubry set is a Lipschitz graph. 
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Lemma 19 There exists a constant K > such that, for every y € T(u-,u+) and 
every x G M where u- (resp. u + ) is differentiable, then \\du—(y) — du-(x)\\ < K\\y — x\\ 
(resp. \\du + (y) — du + (x)\\ < K\\y — x\\ ). In particular, du_ and du + are continuous 
at every point of I(u-,u + ). 

Proof Because u + < u-, u_ is semi-concave and u+ is semi-convex, then u- is K 
semi-convex at every point of Z(u-,u+); hence: 

• u-(x + h) — u-(x) - du^(x)h < K\\h\\ 2 ; 

• u-(x) — u-(y) — du-(y)(x — y) < K\\x — y\\ 2 ; 

• — K\\x + h — y\\ 2 < u-{x + h) — U-(y) — du-(y)(x + h — y). 

Adding these three inequalities, we obtain: 

(du-(y) - du-(x))h < K\\h\\ 2 + K\\x - y\\ 2 + K\\x + h- y\\ 2 . 

We choose h such that \\h\\ = \\x — y\\: (du—(y) — du-(x))-£n < 6K\\x — y\\ and then: 
\\du-(x) — du-(y)\\ < 0>K\\x — y\\. We have found a constant for y close to x, this is 
enough to conclude because l(u-,u + ) is compact and du- is bounded on M. fj 

Let us now fix y G T(u-,u + ). For x close to y that is a point of differentiability of 
U-, we have: 

• a t,t( z ) = A t {-Koip_ t {x,du-{x)),z); 

• {( z > da tt( z ))} = V ( z ) n Vt(Vioc(7r o tp- t (x,du-(x)))); 

• graph(ci 2 a+ t (z)) = T {z dg +^ z)) Dip t (V(ir o if- t (x, du-(x)))) = G t (x,du-(x)) and 
then the previous intersection is transverse. 

These three quantities depend on x and z; because du- is continuous at y, we have: 
for every e > 0, there exists 5 > such that, if \\x — y\\ < S and z is in the chart near 
y: \\d 2 a+ t (z)-d 2 a+ t (z)\\<e. 
Moreover, by Taylor-Lagrange inequality, we have: 

II + h)~ a+ t (x) - da+ t (x)h - -o! 2 a+ t (x)(/i, h)\\ < max \\d 2 a+ t (z) - d 2 a+ t (x 

Z zG[x,x+h\ 

Hence, if x is close enough to y and h small enough : 

1 

— ( 
2 

We have of course a similar result for a x t and x any differentiability point of u + . 

Let us now consider a sequence (x n ) of points of differentiability of U- that converges 

to y so that: \/n,x n ^ y, a vector k with fixed norm \\k\\ = A > and (h n ) = (t n k) 

where (t n ) is a sequence of positive numbers tending to 0. We have proved that: 

(du-(y) - du_{x n ))h n < a^ t (x n + h n ) - a+ i( (x„) - da+ nt (x n )h n + a+ t {x n ) - a+ t (y) - 

da y ,t(y)(xn - v) + h n ) + a y t {y) + da y t {y){x n + h n - y). 

w + u 4. i- x n~y v ,. du-{x n ) - du-{y) 
We assume that lim = X and Y = lim . 

n— >oo t n n— >oo t n 
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\ a t,t( x + h )~ a t,t( x ) ~ dat :t {x)h - -d 2 a+ t (x)(h, h)\\ < e\\h\\ 2 . 



We divide by t\ the previous inequality and take the limit when n tends to +00 
and we obtain: 

-Y.k < ±(d 2 a+ t (y)(k,k) + d 2 a+ t (y)(X,X) - d 2 a~ t (y)(X + k,X + k)) 
changing k into —k, this gives the wanted result. In a similar way we obtain for u + : 

Vk G R n , ±(d 2 a- t (y)(k, k) + d 2 a^ t (y)(X, X) - d 2 a+ t (y)(k -X,k-X))< Y.k 

D 

4.4 Links between the Green bundles and the weak K.A.M. 
solutions 

Notations. Near every point q G M, we choose some coordinates (qi, . . . , q n ) of M and 
associate to them their dual coordinates (pi, . . . ,p n ) such that (qi, . . . , q n ,Pi, ■ ■ ■ ,Pn) 
are symplectic coordinates on T*M. Then we can associate to these coordinates their 
infinitesimal coordinates (Qi, ■ ■ ■ , Q n5 Pi, ■ ■ ■ , Pn)- 

Then any Lagrangian subspace G of T X (T*M) that is transverse to the vertical is the 
graph of a linear map whose matrix s in the coordinates (Q±, . . . , Q n , Pi, ... , P n ) is 
symmetric. We can then associate to G the unique quadratic form Q whose matrix (as 
a quadratic form) in coordinates (Q±, . . . , Q n ) is s. 

For example, if q G M is a point of differentiability of u_ (resp. u + then the 
Green bundle G + (q,du_(q)) (resp. G-(q, du + (q))) is well defined and transverse to 
the vertical. We denote by Q_ (resp. Q + ) its associated quadratic form and by s_ 
(resp. s + ) its matrix. 

Let us recall that if x G A C T*M, C X A designates the contingent cone to A at x, 
that was defined in the introduction. 

Proposition 20 We assume that (u_,u + ) is a pair of conjugate weak K.A.M. solu- 
tions. Let y G Z(u_,u + ) be a point and (X, Y) G C^ y ^ u _^Q{du-). Then we have: 

Vk G R n , Y.k < ^(Q+(k, k) + Q+(X, X)-Q-(X-k,X- k)) 
and if {X, Y) G C { , y4u+) g{du + ): 

Vfe G R n , ~(Q-(k, k) + Q-(X, X) - Q + (X - k, X - k)) < Y.k. 
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Proof We know that G + (q,p) = lim Gt(q,p) (resp. G-(q,p) = lim Gt(q,p)). Hence, 

t— )-+oo t— ¥— oo 

if q is a point of differentiability of u~, we have: Q+(q,du-(q)) = lim d 2 g~t t (q) and 

if g is a point of differentiability of u + : Q-(q,du + (q)) = lim d 2 g~Aq). If we use the 

t— ¥+00 y> 

inequalities that we proved in the previous section, we obtain: 

Vfc G R n , Y.k < -{Q+(X, X) + Q + (k, k)-Q-{X -k,X - k)). 

Let us now look for the contingent cone to the pseudograph Q(du-) at (y, du~{y)) G 
I(u-,u + ). Working in a chart, we assume that (X,Y) G C y ^ U -(y))G(du-) is not the 
null vector. Hence, there exists a sequence (t n ) of positive numbers that converges to 
+ and a sequence (x n ) of points of differentiability of U- that converges to y so that: 

(X, Y)= lim —(x n -y,du~(x n )-du-(y)). 

n— >oo t n 

This corresponds exactly to the limit that we computed in the previous subsection. 
Hence, we proved: 

Ify G X(n_, u + ), if(X, Y) is a vector of the contingent cone to G(du-) at (y, du-(y)), 
then: 

Vk G R n ,Y.k < -(Q+(k,k) + Q + (X,X) - Q_(X - k,X - k)). 
In a similar way, we obtain: 

Ify G Z(u_, if(X, Y) is a vector of the contingent cone toQ(du + ) at (y,du + (y)), 
then: 

Vk G R n , - (Q-(k,k) + Q-(X,X) - Q+(X -k,X - k) <Y.k. 

D 

4.5 Proof of theorem [12 

Let (u-, u+) be a pair of conjugate weak KAM solutions and let q belong to T(u-,u+). 
We want to prove that: VpT, Y) G Crq^ u iq\\Q{duJ), 

\\Y - §-{q,du^(q))X\\ < 2 v /||A S (g,dn_(g))||.v / As(g, a !n_((7))(X,X) 

< 2A(As(q, dn_ (q))).\\p As(q4u _ {q)) (X) || 

We denote the quadratic form associated with G_ (resp. G + ) by Q- (resp. 
Then the quadratic form associated with G_ (resp. G+) is Q_ = 2Q- — Q+ (resp. 
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Q+ = 2Q+ — Q-). Let (X,Y) G C( q ^ U -(q))G(du-) be a vector of the contingent cone. 
We have proved that: 

Vk G R n ,Y.k < ^{Q + (k,k) + Q+(X,X) - Q-{X - k,X - k)). 

Then we write: Y = l Q+X + AY and AQ = Q + — Q_. The previous inequality can 
be rewritten as follows: 

\fkeR n ,AY.k< -AQ(X-k,X-k) (*). 

We have the following splitting: W 1 = ker*AQ © Im*AQ and AY = Y 1 + Y 2 with 
Y 1 G ker*AQ and Y 2 G Im*AQ. We deduce from (*): 

Vfc G ker*AQ,Yi.ife < -AQ(X,X). 

This implies: Y\ = 0. Hence AF = Y 2 G Im*AQ and there exists a unique j/ G 
-2X + Im* AQ such that AY = l AQy. Then (*) becomes: 

Vk G IT, AQ(y, k) < ^AQ(X -k,X - k) 

i.e: 

\Jk G R n , AQ(X + |, X + |) - AQ(X, X) < AQ(X + + 

As G_ < G + , the quadratic form AQ is positive semi-definite. Hence the previous 
inequality is equivalent to: 

AQ(2X + y,2X + y)< 4AQ(X, X). 

Let us write y = -2X + Ay. We have Ay G Im* AQ. Then Y = *Q_X + * AQAy and 
AQ(Ay, Ay) < AAQ(X,X). 

Then we can write: Ay = 2^J Q(X, X)u with AQ(u, u) < 1 and: 
||*AQAy|| 2 = 4AQ(X, X)(* AQu).(* AQu) 

with: 

CAQu).CAQn) < sup = l|AQ||. 

We then obtain: 

\\Y - l Q-X\\ < 2y/$AQ\\.y/AQ(X,X). 

If we denote by A(AQ) the biggest eigenvalue of AQ and by paq the orthogonal 
projection on the image of * AQ, we deduce: 

||y-*Q_X|| <2A(AQ)||p AQ (X)||. 

D 
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